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Subspace Matching Pursuit for Sparse
Unmixing of Hyperspectral Data
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Abstract—Sparse unmixing assumes that each mixed pixel in
the hyperspectral image can be expressed as a linear combination
of only a few spectra (endmembers) in a spectral library, known
a priori. It then aims at estimating the fractional abundances of
these endmembers in the scene. Unfortunately, because of the usually high correlation of the spectral library, the sparse unmixing
problem still remains a great challenge. Moreover, most related
work focuses on the l1 convex relaxation methods, and little attention has been paid to the use of simultaneous sparse representation
via greedy algorithms (GAs) (SGA) for sparse unmixing. SGA
has advantages such as that it can get an approximate solution
for the l0 problem directly without smoothing the penalty term
in a low computational complexity as well as exploit the spatial
information of the hyperspectral data. Thus, it is necessary to
explore the potential of using such algorithms for sparse unmixing.
Inspired by the existing SGA methods, this paper presents a novel
GA termed subspace matching pursuit (SMP) for sparse unmixing
of hyperspectral data. SMP makes use of the low-degree mixed
pixels in the hyperspectral image to iteratively find a subspace to
reconstruct the hyperspectral data. It is proved that, under certain
conditions, SMP can recover the optimal endmembers from the
spectral library. Moreover, SMP can serve as a dictionary pruning
algorithm. Thus, it can boost other sparse unmixing algorithms,
making them more accurate and time efficient. Experimental
results on both synthetic and real data demonstrate the efficacy
of the proposed algorithm.
Index Terms—Dictionary pruning, greedy algorithm (GA),
hyperspectral unmixing, multiple-measurement vector (MMV),
simultaneous sparse representation, sparse unmixing, subspace
matching pursuit (SMP).

I. I NTRODUCTION

H

YPERSPECTRAL remote sensing measures radiance
from the Earth’s surface materials at hundreds of narrow
and contiguous wavelength bands. During recent years, hyper-
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spectral sensors have been evolved to collect spectra extending
from the visible region through the infrared band (0.3–2.5 μm).
Hyperspectral remote sensing has been widely applied in the
fields of target detection, material mapping, material identification, and mapping details of surface properties [1], [2].
Frequently, however, due to the low spatial resolution of a
sensor as well as the combination of distinct materials into a
homogeneous mixture, each pixel in the hyperspectral image
often contains more than one pure substance [3]. Unmixing,
a great challenging task underlying many hyperspectral image
applications, then aims at decomposing the measured spectrum
of each mixed pixel into a collection of constituent spectra (endmembers) and a set of corresponding fractions (abundances).
Depending on the mixing scales at each pixel and on the
geometry of the scene, the observed mixture is either linear or
nonlinear. For the past few years, the linear unmixing model
has been widely used to solve the unmixing problem for its
advantages such as ease of implementations and flexibility in
different applications [4]–[6]. It considers each mixed pixel a
linear combination of endmembers weighted by their corresponding abundance fractions. Under this model, a group of
unmixing approaches based on geometry [7]–[14], statistics
[15], [16], and nonnegative matrix factorization [17]–[23] has
been proposed. However, all these methods are unsupervised
and could extract virtual endmembers [24] with no physical
meaning. To overcome this difficulty, a semisupervised unmixing approach has been proposed to model each mixed
pixel in the hyperspectral image using only a few spectra in a
spectral library, known a priori. Because the number of spectral
signatures contained in the spectral library is much larger than
the number of endmembers present in the hyperspectral image,
this approach often leads to a sparse solution [25]. The newly
formulated problem (called sparse unmixing) is combinatorial
and needs efficient sparse regression techniques to solve it [6].
Several sparse regression techniques have been used for
sparse unmixing in [25], including orthogonal matching pursuit
(OMP), basis pursuit (BP), BP denoising, and iterative spectral
mixture analysis. In [26], sparse unmixing is tackled from a
Bayesian perspective. Recently, some sparse unmixing methods
have been proposed that exploit the contextual information
[28], [29] and subspace nature [30], [31] of the hyperspectral
image to obtain a much better result. As this approach takes
advantage of the increasing availability of the spectral libraries,
the abundance estimation process no longer depends on the
availability of pure spectral signatures nor on certain endmember extraction algorithms to identify such pure signatures.
To the best of our knowledge, most sparse unmixing methods
are based on convex relaxation methods; little attention has
been paid to the use of greedy algorithms (GAs) for sparse
unmixing. Although OMP, a typical GA, is used to solve the
unmixing problem in [25], the high correlation of the spectral
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library blocks it from getting the optimal solution. On the
other hand, the advantages brought by GAs such as the low
computational complexity of solving the optimization problems
containing nonsmooth terms and that they can get an approximate solution for the l0 problem directly without smoothing
the penalty function are attractive. Therefore, it is necessary
to explore the potential of GAs in sparse unmixing. Under
this circumstance, we consider using the simultaneous sparse
representation via GAs (SGA) for sparse unmixing. Some SGA
methods have been used for hyperspectral detection [45] and
hyperspectral classification [27]. SGA which assumes that the
input data are constructed with the same set of signatures
can exploit the spatial information of the hyperspectral data.
This characteristic of SGA can alleviate the sparse regression
limitations linked to the usually high correlation of the hyperspectral libraries which is the major challenging problem to
be tackled for the sparse unmixing algorithms. However, one
obstacle faced by such algorithms is that they tend to be trapped
into the local optimum and are likely to miss some of the
actual endmembers when the number of endmembers present
in the hyperspectral scene is large. Thus, we develop a blockprocessing strategy to sidestep this obstacle.
Inspired by the existing SGA methods, we propose a novel
sparse unmixing algorithm termed subspace matching pursuit
(SMP) in this paper. SMP exploits the fact that the spectral
vectors in the hyperspectral image are highly correlated and
some endmembers present in one mixed pixel are also probably
present in the others. It iteratively selects members from the
spectral library to reconstruct the whole hyperspectral data. As
an SGA method, SMP can make use of the spatial information
within the hyperspectral image. Moreover, since SMP utilizes
the low-degree mixed pixels in the hyperspectral data, it can
find the actual endmembers more accurately than the other considered SGA methods. It also has the advantage of low computational complexity and implementing very fast. Furthermore,
it can serve as a dictionary pruning algorithm and boost other
sparse unmixing algorithms, making them more time efficient
and accurate. Theorems are provided to analyze the conditions
under which SMP will recover the optimal endmembers present
in the hyperspectral image from the spectral library. To evaluate
the performance, the method is tested on synthetic and real hyperspectral data. The results of those experiments demonstrate
its effectiveness.
The rest of this paper is structured as follows. Section II introduces the sparse unmixing problem and briefly reviews some
algorithms for sparse unmixing. In Section III, we introduce
the SGA for sparse unmixing. In Section IV, we present the
proposed SMP algorithm and give out some theoretical analyses
for the algorithm. Experimental results are shown in Section V.
Finally, we conclude in Section VI.
II. S PARSE U NMIXING OF H YPERSPECTRAL DATA
In this section, we first review the widely used linear mixture
model. Then, the sparse unmixing problem is presented, and some
algorithms for sparse unmixing are introduced at the same time.
The linear sparse unmixing model assumes that the observed
spectrum of a mixed pixel can be expressed as a linear combination of only a few spectral signatures selected from a library
known in advance. Suppose that A ∈ RL×m is the spectral
library, where L is the number of bands and m is the number

of spectral signatures in the library. Then, the sparse unmixing
model can be written as follows:
y = Ax + n

(1)

where y ∈ R is the spectrum vector of a mixed pixel with
L bands, x ∈ Rm is the abundance vector with regard to the
library A, and n ∈ RL is the vector of the error term. Owing
to physical constraints, the fractional abundances of all the
endmembers for a mixed pixel cannot be negative, and their
sum should be one. Then, the model has the following two
constraints (xi is the ith element of x):
L

m


xi ≥ 0, ∀i

(2)

xi = 1

(3)

i=1

which are called the nonnegativity and sum-to-one constraints,
respectively. As the number of endmembers involved in a mixed
pixel is usually very small compared with the dimensionality
of the spectral library, the vector of fractional abundances x is
sparse.
Without considering the two constraints in (2) and (3), the
optimization problem of sparse unmixing is then
(P0 ) :

min x0
x

subject to y − Ax2 ≤ δ

(4)

where x0 (called l0 norm) denotes the number of nonzero
components in x and δ ≥ 0 is the error tolerance due to the
noise and modeling errors. However, the problem (P0 ) is an
NP-hard problem which means that it is very combinatorial
and complex to solve. Three kinds of methods can tackle this
problem, namely, GAs, convex relaxation methods, and sparse
Bayesian methods.
For sparse unmixing, the problem (P0 ) can be divided
into two questions: 1) Which spectral signatures should be
selected from the spectral library A to model the spectral
vector of the pixel y, and 2) what are the abundances for these
selected signatures. The second question can be easily solved
by the least squares techniques once the first question has been
solved. As the support of the solution x is discrete in nature,
algorithms that seek it are discrete as well [35]. This line of
reasoning makes us turn to the family of GAs for the solving
of this problem.
GAs follow the problem solving heuristic of making the
locally optimal choice at each stage with the hope of finding a
global optimum [36]. Thus, a greedy strategy could not produce
an optimal solution for some problems; nonetheless, it is able
to yield locally optimal solutions that approximate a global
optimal solution in reasonable time. OMP [37], a typical GA,
has been utilized to solve (P0 ) in [25]. OMP iteratively selects
at each step the member in the spectral library best correlated
with the residual part of the mixed pixel y − Ax. Then, it
produces a new approximation by projecting the spectral vector
of the mixed pixel onto the potential endmembers that have
already been selected. The algorithm stops when the condition Ax − y2 ≤ δ is satisfied. A member from the spectral
library cannot be selected more than once as the residual is
orthogonalized with respect to the members already selected.
When taking the constraint of nonnegativity in (2) into
account, problem (P0 ) transforms into
 +
P0 : min x0 subject to y−Ax2 ≤ δ, x ≥ 0. (5)
x
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A variant of OMP has been proposed in [38] to solve problem
(P0+ ). It is worth mentioning that we do not explicitly add the
sum-to-one constraint in (3) all along because of the following:
1) The sum-to-one constraint should be replaced with a socalled generalized sum-to-one constraint as there is a strong
signature variability in a real image, and 2) the nonnegativity
of the sources automatically imposes a sum-to-one generalized
constraint [25], [41].
Another approach to get the sparse solution is to relax the l0
norm to any continuous function J(x) that favors sparsity
 +
PJ : min J(x) subject to y−Ax2 ≤ δ, x ≥ 0. (6)
x

Common choices of J(x) canbe the following: 1) the lp
p
p
“norms”1 with p < 1: x
p =
i |xi | ; 2) the l1 norm; and
3) other functions J(x) = i ρ(xi ) that promote sparsity, such
as ρ(xi ) = 1 − exp(|xi |), ρ(xi ) = log(1 + |xi |), and ρ(xi ) =
|xi |/(1 + |xi |) [35]. Among them, the l1 convex relaxation
methods (i.e., J(x) = x1 ) have been widely researched.
Then, the problem (P0+ ) turns into the following optimization
problem, known in the literature as constrained basis pursuit
denoising [39]:
 +
P1 : min x1 subject to y−Ax2 ≤ δ, x ≥ 0. (7)
x

As the l1 norm is continuous and convex, the problem (P1+ ) is
more tractable than problem (P0+ ). Recently, the constrained
spectral unmixing by variable splitting and augmented Lagrangian (CSUnSAL) [42] has been proposed to solve (P1+ ).
CSUnSAL exploits the alternating direction method of multipliers (ADMM), which decomposes a difficult problem into a
sequence of simpler ones.
For an appropriate Lagrange multiplier λ, the solution to
problem (P1+ ) is precisely the solution to the problem of the
constrained Lasso [40]
 λ+ 
1
P1
: min y−Ax2 +λx1 subject to x ≥ 0 (8)
x 2
where λ > 0 is the Lagrange multiplier and larger λ leads to
sparser solution. Similar as CSUnSAL, spectral unmixing by
variable splitting and augmented Lagrangian (SUnSAL) [42],
which is also based on ADMM, can solve problem (P1λ+ ).
Recently, efforts have been paid to exploit the spatial–
contextual information present in the hyperspectral images.
Specifically, a total variation regularizer was added into problem (P1+ ). This idea leads to the sparse unmixing via variable
splitting augmented Lagrangian and total variation (SUnSALTV) [29] and alternating direction method for deblurring and
unmixing of hyperspectral images [28].
Convex relaxation methods are far more sophisticated than
the GAs as they obtain the global solution of a well-defined
optimization problem [35]. However, this characteristic of convex relaxation methods also means that they are far more
complicated than the GAs.
The sparse Bayesian methods [34] have been applied to the
sparse unmixing problem recently. In [26], sparse unmixing is
formulated as a hierarchical Bayesian inference problem; priors
1 The

lp “norms” (p < 1) are no longer formal norms, as the triangle
inequality is no longer satisfied.

3

for the model parameters are selected to ensure the nonnegativity and sparsity of the abundances’ vector. Then, an iterative
scheme termed Bayesian inference iterative conditional expectations (BI-ICE) is proposed to estimate the model parameters.
The BI-ICE algorithm can provide the sparse solution without
necessarily tuning any parameters. However, it is much more
complex than the convex relaxation methods and GAs.
III. SGA FOR S PARSE U NMIXING
In this section, we first describe the sparse unmixing model
that the SGA tackles. Then, two representative SGA methods, simultaneous orthogonal matching pursuit (SOMP) and
simultaneous subspace pursuit (SSP), are extended to solve the
unmixing problem.
SGA can obtain an approximation of several input signals
using different linear combinations of the same elementary
signals. As the sparse unmixing problem can be considered as
using different linear combinations of the potential endmembers selected from the spectral library to reconstruct the input
hyperspectral signatures, we can use SGA methods for sparse
unmixing. Then, the sparse unmixing model in (1) becomes
Y = AX + N

(9)

where Y ∈ RL×K is the hyperspectral data matrix with L
bands and K mixed pixels, A ∈ RL×m is the spectral library,
X ∈ Rm×K is the abundance matrix, each column of which
corresponds with the abundance fractions of a mixed pixel, and
N ∈ RL×K is the matrix of the error term.
Under this model, the unmixing problem is as follows:
(PSGA ) :

min Xrow−0
X

subject to Y−AXF ≤δ (10)

where AF means the Frobenius norm2 of matrix A,
Xrow−0 (called row-l0 quasi-norm [43]) is the number of
nonzero rows in matrix X, and δ is the error tolerance due to the
noise and modeling errors. In [30], the authors relax problem
(PSGA ) to a convex problem and develop a collaborative sparse
unmixing method to solve it.
We note that the model in (10) is reasonable because a hyperspectral image always contains a small number of endmembers
(especially compared with the very large spectral library) which
means that there should be only a few rows with nonzero entries
in the abundance matrix X [30]. Furthermore, this model has
several advantages over the model in (4): 1) As researched in
the literature of multiple-measurement vectors (MMVs) [44],
the model in (10) is more likely to have a unique solution
compared with the model in (4), which can also be seen in the
upcoming theorem (i.e., Theorem 3.1); 2) the constraint that all
the pixels in a hyperspectral image share the same active set
of endmembers can alleviate the sparse regression limitations
caused by the usually high correlation of the spectral library
[30]; and 3) most of the time, sparse regression via simultaneous sparse representation is superior to the nonsimultaneous
one [32]. Nevertheless, there are also some cases in which the
abundance matrix X could be constructed such that it has no
zero row but each pixel adopts a sparse representation in X,
2 A
F

(i, j).

=(


i,j

a2ij )

1/2

, and aij is the element of A that has coordinate
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particularly when the hyperspectral image is very complex. In
this paper, we only focus on the situations in which the number
of endmembers present in the hyperspectral image is much
smaller than the number of spectral signatures contained in the
spectral library.
Here, we review a theorem that guarantees the uniqueness of
the sparse representation of problem (PSGA ) in the noiseless
case. This theorem will help to analyze the problem in the
ideal situation. The following theorem was first introduced and
proved in [44].
Theorem 3.1: Matrix X will be the unique solution to the
problem
min Xrow−0
X

subject to Y = AX

(11)
Algorithm 1: SOMP for hyperspectral sparse unmixing

if the following inequality strictly holds:
Xrow−0 <

[Spark(A) − 1 + Rank(Y)]
2

the contextual spatial information within the block; and 3) one
endmember present in one mixed pixel is probably also present
in the other pixels (either neighborly or nonneighborly) of the
whole image, and we can use the potential endmembers picked
from all the blocks to reconstruct the hyperspectral image.
Moreover, as a preprocessing step, we successively apply
the zero-mean normalization and l2 unit-length normalization
to the columns of both the hyperspectral data matrix and
spectral library matrix. To get a more effective estimation of the
abundances, the abundance nonnegativity constraint is added
in. The whole process of using SOMP for sparse unmixing of
hyperspectral data is summarized in Algorithm 1.

(12)

where Spark(A) (or σ) is the smallest possible integer such that
there exist σ columns of matrix A that are linearly dependent.
Even though Spark(A) is very difficult to obtain (as it calls
for a combinatorial search over all possible subsets of columns
from A), the upper bound in Theorem 3.1 is optimistic. As
the number of endmembers is usually much smaller than the
number of bands and number of pixels in a hyperspectral image,
we can expect that the sparse representation of problem (PSGA )
in the noiseless case is unique.
Now, we introduce the SGA methods into sparse unmixing
of hyperspectral data. Two algorithms are considered in this
paper, namely, SOMP and SSP. These two algorithms have been
used for hyperspectral target detection [45] and hyperspectral
classification [27].
SOMP [43] is an extension of OMP. In the greedy selection
step, instead of picking the member most correlated with the
current residual of one input signal, SOMP chooses the member that maximizes the sum of absolute correlation with the
residuals of all the input signals. In this way, SOMP can find
a member from the library that has a strong overall contribution
to the image. When applied to the sparse unmixing, SOMP
can exploit the spatial information of the hyperspectral data
and thus alleviate the sparse regression limitations caused by
the usually high correlation of the spectral library. However,
one great challenge faced by SOMP is that, when the number
of endmembers present in the scene is large, it tends to be
trapped into the local optimum and miss some of the actual
endmembers. Thus, we develop a block-processing strategy
to sidestep this obstacle. Specifically, we divide the whole
hyperspectral image into several blocks. Then, in each block,
SOMP will pick several potential endmembers from the spectral
library. Finally, the abundances are computed using the whole
hyperspectral data, and potential endmembers are picked and
associated with all the blocks. Note that this strategy is different with that in [45]. As the abundances are estimated using
potential endmembers selected from all the blocks, our strategy
can use the spatial information further.
The intuition behind this strategy is as follows: 1) The
number of endmembers in one block is likely to be less than that
in the whole scene, and SOMP tends to be more effective when
the number of members that construct the input signals is not
large [43]; 2) by processing block by block, SOMP can utilize

1: Apply zero-mean normalization and l2 unit-length
normalization successively to the columns of
hyperspectral data matrix Y and spectral library
matrix A
2: Divide the hyperspectral image into several blocks, and
initialize the index set S = ∅
3: For each block do
4: Set index set Sb = ∅ and iteration counter k = 1.
Initialize the residual matrix R0 = Yb ; {Yb is the
submatrix of Y corresponding to the block}
5: While stopping criterion has not been met do
T
6: j = arg maxi
(Rk−1) Ai 2 ; {Ai is the ith column of A}
7: Set Sb = Sb j
−1
8: Compute P = (ATSb ASb ) ATSb Yb ; {ASb is the matrix
containing the columns of A having the indices from Sb }
9: Calculate the residual: Rk = Yb − ASb P
10: k ← k + 1
11: End while
12: Set S = S Sb
13: End for
14: Estimate abundances using the original hyperspectral
data matrix and spectral library matrix
X ← arg min AS X − Y, subject to X ≥ 0.
X

SSP is an extension of subspace pursuit (SP) [46]. SSP is
first proposed for hyperspectral target detection [45] and hyperspectral classification [27]. Similar to SP, SSP also maintains a
list of c potential members. In the greedy selection step, the
c members that get the best simultaneous representation for
the residuals of all the input signals are selected as the new
candidates. We also modify the algorithm in the same way as
SOMP to improve its performance in sparse unmixing. The SSP
algorithm for sparse unmixing is shown in Algorithm 2.
Algorithm 2: SSP for hyperspectral sparse unmixing
1: Apply zero-mean normalization and l2 unit-length
normalization successively to the columns of
hyperspectral data matrix Y and spectral library
matrix A
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2: Divide the hyperspectral image into several blocks, and
initialize the index set S = ∅
3: For each block do
4: Set index set Sb = {c indices corresponding to the
c largest numbers in YbT Ai 2 , i = 1, · · · , m} and
iteration counter k = 1. Initialize the residual matrix
−1
R0 = Yb − ASb (ATSb ASb ) ATSb Yb ; {Yb is the
submatrix of Y corresponding to the block, c is a preset
number.}
5: While stopping criterion has not been met do
6: Find the indices of c members that best approximate all
the residuals: Sb = {c indices corresponding to the c
k−1 T
largest numbers
 in (R ) Ai 2 , i = 1, · · · , m}
7: Set Sb = Sb Sb
−1
8: Compute P = (ATSb ASb ) ATSb Yb ; {ASb is the matrix
containing the columns of A having the indices from Sb }
9: Update the index set Sb = {c indices corresponding to the
c largest numbers in pTi 2 , i = 1, · · · , 2c}; {pi is the
ith row of P}
−1
10: Calculate the residual: Rk=Yb−ASb(ATSb ASb) ATSbYb
11: k ← k + 1
12: End while
13: Set S = S Sb
14: End for
15: Estimate abundances using the original hyperspectral
data matrix and spectral library matrix
X ← arg min AS X − Y, subject to X ≥ 0.
X

IV. SMP
In this section, we first present our new algorithm, SMP, for
sparse unmixing of hyperspectral data. Then we analyze that
SMP can also serve as a dictionary pruning algorithm to boost
other sparse unmixing algorithms. Finally, some theoretical
analyses of the algorithm will be given.
A. Statement of Algorithm
SMP belongs to the class of SGA method, and it is an
iterative technique. It is proposed to get an approximate solution for the problem (PSGA ) with the abundance nonnegativity constraint. The whole process of SMP is summarized in
Algorithm 3.
Algorithm 3 SMP for hyperspectral sparse unmixing
Preprocessing:
1: Apply zero-mean normalization and l2 unit-length
normalization to the columns of hyperspectral data
matrix Y and spectral library matrix A
Initialization:
2: Iteration: i = 0
3: Initial residual: R0 = Y
4: Initial support of selected indices: S = φ
Main iteration (endmember selection):
5: Update iteration: i ← i + 1
6: Initialize the index of pixel: c = 0

5

Subiteration:
Update the index of pixel: c ← c + 1
hc ← arg max1≤p≤m |ATp Ri−1
c |; {Ap is the pth
is the cth column of Ri−1 , hc
column of A, Ri−1
c
stores the index of the member in the spectral library
K
that is best correlated to Ri−1
c , h ∈ R .}
9:
dc ← |AThc Ri−1
|;
{d
stores
the
absolute
correlation
c
c
between the current residual for the cth pixel and its
best correlated signature, d ∈ RK }
10: If dc ≥ t, update support: S ← S ∪ {hc }; {t is a
preset threshold}
Stop subiteration if c = K is satisfied
11: idx ← arg max1≤c≤K dc
12: Update support: S ← S ∪ {hidx }
−1
13: Compute P = (ATS AS ) ATS Y; {AS is the matrix
containing the columns of A having the indices from S}
14: Calculate the residual: Ri = Y − AS P
Stop main iteration if the stopping condition is reached
Inversion (abundance estimation)
15: Compute the abundance fractions for the scene using the
original hyperspectral data and spectral library
7:
8:

X ← arg min AS X − Y, subject to X ≥ 0.
X

The algorithm includes two main parts: endmember selection
and abundance estimation. In the first part, the normalized
hyperspectral data and normalized spectral library will be used
while the original ones are used for estimating the abundances.
In step 8, SMP finds the signature in the spectral library that
is best correlated to the residual of the mixed pixel. If the
correlation is high enough, in other words, dc is greater than a
threshold t in step 10, SMP adds the index of the signature into
the support S. Steps 11 and 12 ensure that at least one potential
endmember is added to S in each main iteration. Therefore,
after one main iteration, several potential endmembers are
selected, and they span a subspace. Then, the hyperspectral data
are reconstructed using the selected signatures, and the errors of
reconstruction are computed (step 14). The iteration stops when
convergence is achieved.
We give several possible stopping conditions for SMP.
1) The Frobenius norm of the residual Ri achieves a zero
value or a value below a given threshold δ, for example
Ri F ≤ δ.

(13)

2) There is little or no improvement between successive
main iterations in the minimization of the Frobenius norm
of the residual, for example
 i

R F − Ri−1 F  ≤ δ
(14)
or
 i

R F − Ri−1 F 
≤ δ.
V ertRi−1 F

(15)

3) The number of iterations achieves or exceeds a predefined
maximum number of iterations.
In practice, the iterations usually continue until some combinations of stopping conditions are satisfied.
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The proposed algorithm is inspired by SOMP and SSP;
nevertheless, they are quite different. First, SOMP and SSP
attempt to find one member or a fixed number of members to
maximize the sum of absolute correlations with all the input
signals in each iteration, but SMP selects at most one member
for each input signal separately. If the correlation of the member, which SMP selects, with the corresponding mixed pixel is
high enough, the corresponding index is added to the support.
Second, SOMP selects one member in each iteration to reconstruct the hyperspectral image while SMP selects at least one
member in each iteration. Third, the size of the index support in
SSP is fixed, but the one in SMP increases after each iteration.
The SMP algorithm is also different from the compressive
sampling matched pursuit (CoSaMP) algorithm [47], [48].
Even though both algorithms select multiple endmembers in
every step and share the same residual building process, SMP
uses a threshold to decide whether to select one member from
the spectral library while CoSaMP selects a fixed number of
members in each iteration. Moreover, CoSaMP will drop the
smallest entries in the least squares signal approximation while
SMP will not. Furthermore, SMP utilizes the strong correlation
of the pixels in the hyperspectral image, yet CoSaMP focuses
on one input signal. Thus, as OMP, the performance of CoSaMP
will be limited by the high correlation of the spectral library.
There are two main advantages to selecting more than one
endmember in each iteration. On the one hand, a faster convergence rate can be obtained. On the other hand, in each iteration,
SMP looks for some low-degree mixed pixels from the residual
(i.e., Ri = Y − AS P) and extracts several corresponding endmembers. If each endmember has a pure pixel at least, SMP can
extract all the endmembers only by one iteration. However, if
only one endmember is selected in each iteration, the structures
of the other low-degree mixed pixels (or even pure pixels)
which are not related to the selected endmember could be
destroyed in the reconstruction step. The low-degree mixed
pixel here denotes a pixel that has a dominant endmember. For
example, if the abundance of an endmember in a mixed pixel
is large enough (such as more than 0.6 or 0.7), we can call this
endmember a dominant endmember and call the mixed pixel a
low-degree mixed pixel.
B. Dictionary Pruning Using SMP
Now, we present the SMP as a dictionary pruning algorithm.
Note that, in the final step of Algorithm 3, a constrained least
squares technique is applied to obtain the abundances of the
selected potential endmembers. However, by doing so, we do
not get the optimal sparse solution. In other words, it is a
nonnegative constrained least squares solution using a relatively
small library. This line of analysis leads us to consider using
the SMP as a dictionary pruning algorithm. Specifically, after
obtaining the final support of selected endmembers S, we can
use the sublibrary AS as input for the other algorithms such
as SUnSAL-TV and BI-ICE. In this way, we can expect that
the SMP algorithm is able to boost the performances of other
methods, making them more time efficient and accurate.
C. Theoretical Analysis
In this section, we will analyze the conditions under which
SMP will recover all the endmembers present in the hyperspec-
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tral image from the spectral library. First, the knowledge of the
matrix (or operator) norm is reviewed, and some notations are
defined. Then, we will analyze the optimal endmember recovery conditions in the noiseless case and noisy case, respectively.
Before providing the theorems, we introduce some necessary
notations that will be used in the theorems.
Definition 4.1: The lp norm of a vector x is defined as
1

p

|xi |p
for 1 ≤ p < ∞
(16)
xp =
i

x∞ = max |xi |

(17)

i

where xi is the ith element of x.
Definition 4.2: The (p, q) matrix (or operator) norm of A is
defined as
Ap,q = max
x=0

Axq
= max Axq .
xp
xp =1

(18)

Several of the (p, q) matrix norms can be computed easily using
the following lemma [43], [44].
Lemma 4.1: Consider matrix A
1) The (1, q) matrix norm is the maximum lq norm of any
column of A.
2) The (2, 2) matrix norm is the maximum singular value
of A.
3) The (p, ∞) matrix norm is the maximum lp norm of any
row of A, where 1/p + 1/p = 1.
Thus, we have
A1,∞ = max |aij |
i,j

(19)

where aij is the element of A that has coordinate (i, j).
Two parameters are often used to describe the library A,
i.e., coherence [49] and cumulative coherence [50], [33]. The
most fundamental quantity associated with a library is the
coherence μ.
Definition 4.3: The coherence μ of a spectral library A
equals the maximum absolute inner product between two distinct spectral signatures
μ = max | Ak , Aj |
j =k

(20)

where Ak is the kth column of A.
The coherence parameter does not characterize a library very
well because it only reflects the most extreme correlations
between the signatures in the library. By contrast, the cumulative coherence, which measures the maximum total coherence
between a fixed signature and a collection of other signatures,
can overcome the drawback of coherence.
Definition 4.4: For a positive integer P , the cumulative
coherence is defined as

μ1 (P ) =
max
max
| Aj , Ai |
(21)
|Ω|=P,Ω⊂Sall j ∈Ω

i∈Ω

where Sall is the support of all the indices in the library. In
particular, μ1 (0) = 0.
From a signal processing viewpoint, here, we put forward
conditions under which the SMP algorithm will recover
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endmembers present in the hyperspectral data from the spectral
library. In the following analysis, assume that each column of
the hyperspectral data matrix Y and the spectral library matrix
A has l2 -norm unit length. We first consider the ideal noiseless case.
Definition 4.5: Given a hyperspectral data matrix Y ∈
RL×K , a spectral library matrix A ∈ RL×m ,
Sopt is a subset of Sall with cardinality P , and it lists all the
P endmembers present in the hyperspectral scene;
Aopt is a submatrix of the library matrix A, and the columns
of Aopt are the P endmembers present in the hyperspectral image, Aopt ∈ RL×P ;
Aerr is the matrix whose columns are the (m − P ) remaining signatures in the spectral library that are not present
in the hyperspectral image, Aerr ∈ RL×(m−P ) ;
Yrec is the reconstruction of Y by SMP after some iterations,
and Yrec also lies in the column range of Aopt (assume
that all the previous signatures that SMP selects are
optimal endmembers);
R
is the residual of Y after reconstruction, R = Y −
Yrec .
With the aforementioned definitions in hand, we give out the
recovery theorem in the noiseless case.
Theorem 4.1: In the noiseless case, a sufficient condition
for SMP to recover all the endmembers listed in the support
Sopt is that
max A†opt Aj

j ∈Sopt

1

<t

(22)

where Aj is the jth column of A, t ≤ 1 is the threshold at
step 10 in the SMP algorithm, and A†opt is the pseudoinverse
−1

of matrix Aopt . It is defined as A†opt = (ATopt Aopt ) ATopt .
The proof of this theorem is shown in Appendix A. If
Theorem 4.1 holds, SMP will identify all the P endmembers
that make up the optimal representation of Y in at most P
iterations.
In the practical applications, the hyperspectral data are always affected by noise. In the noisy case, assume that Yopt ∈
RL×K is an optimal P -term approximation of Y, and it lies in
the column range of Aopt . Then, we can develop a condition
under which SMP will recover the optimal endmembers from
the spectral library in the noisy case.
Theorem 4.2: Suppose that SMP has picked k optimal endmembers from the spectral library, μ1 (P ) < (t/(1 + t)), and
M (k) < (t/(1 + t)); then, a sufficient condition for SMP to
recover only optimal endmembers listed in the support Sopt in
the next iteration is that
t−

M (k)
1 − M (k)
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the block-processing strategy in Section III to make the number
of endmembers present in the block smaller, the experimental
results indicate that the theorem is very conservative, and it can
be observed in the available spectral libraries that the spectral
signatures appear in the form of groups (e.g., alterations of a
single spectral signature in the U.S. Geological Survey (USGS)
spectral library) [51] and the correlation between different
groups is weaker than that within all the signatures in a spectral
library. Thus, if we only need to estimate the abundances for
the different groups rather than all the signatures in the spectral
library, we can expect SMP to get a better performance.
V. E XPERIMENTS
In this section, we explore the potential of the SGA methods
for sparse unmixing. Three synthetic data sets and one realworld data set are used to test the performances of the different algorithms. All the considered algorithms have taken into
account the abundance nonnegativity constraint. The preprocessing procedure adopted by the SGA methods is also applied
to the OMP algorithm and the CoSaMP algorithm to improve
their performances. The stopping conditions that we choose for
SMP and SOMP in the experiments are the combination of
the second condition [inequality (15)] and the third condition
described in Section IV. The stopping conditions for SSP are
a little different: It terminates when the residual begins to
increase or the number of iterations achieves or exceeds a
predefined maximum number of iterations. The constrained
least squares problem in the final step of the three SGA methods
can be solved using the active set method. Specifically, we
use the lsqnonneg function in MATLAB to solve it. The TV
regularizer used in SUnSAL-TV is a nonisotropic one. All the
parameters of the considered algorithms are tuned to the best
performances. The complexity analysis and discussion of the
parameter setting come after the section of real data experiment.
The root-mean-square error (RMSE) [52] is used to evaluate
the abundance estimations. For the ith endmember, RMSE is
defined as

K
1 
(Xij − X̂ij )2 .
RMSEi = 
K j=1

(24)

Here, X denotes the true abundances, and X̂ represents the
estimated ones. The mean value of all the endmembers’ RMSEs
will be computed. Generally speaking, the smaller the RMSE is,
the more the estimation approximates the truth.
A. Evaluation With Synthetic Data 1

ATopt R

> ATerr (Y−Yopt )
1,∞

1,∞

(23)

where M (k) = M (k, P ) = (μ1 (P − k)/(1 − μ1 (k))).
The proof of Theorem 4.2 is shown in Appendix B. This
theorem suggests that the SMP algorithm will behave better
when the number of endmembers that construct the hyperspectral data is not too large and the spectral library is less
correlated. Thus, the block-processing strategy is applicable for
the SMP algorithm. Note that, in some cases, the prerequisite
μ1 (P ) < (t/(1 + t)) of the spectral library might not be satisfied, particularly when the P gets large. However, we can adopt

For our first two synthetic data experiments, we evaluate
the performances of the sparse unmixing algorithms in situations of different noise types, different signal-to-noise ratios (SNR ≡ 10 log10 (Ax22 /n22 )) of noise, and different
endmember numbers. The first synthetic hyperspectral image
is homogeneous with rich spatial–contextual information, but
the second one is randomly generated. The third synthetic
data experiment is designed to see whether the three SGA
methods will miss the actual endmembers which are not very
prominent in any of the blocks. The spectral library used in
all the synthetic experiments is the USGS [53] digital spectral
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Fig. 1. Five example spectral signatures from USGS used in our synthetic data experiments. The title of each subimage denotes the mineral corresponding to the
signature.

library. The reflectance values of 498 materials are measured for
224 spectral bands distributed uniformly in the interval of
0.4–2.5 μm (A ∈ R224×498 ). Fifteen spectral signatures are
chosen from the library to generate our synthetic data. Fig. 1
shows five example endmember signatures used for all the
following experiments. The other ten endmembers that are not
displayed in the figure include Neodymium Oxide GDS34,
Monazite HS255.3B, Samarium Oxide GDS36, Pigeonite
HS199.3B, Meionite WS700.HLsep, Spodumene HS210.3B,
Labradorite HS17.3B, Grossular WS484, Zoisite HS347.3B,
and Wollastonite HS348.3B, which are used to evaluate the
performances of the sparse unmixing algorithms in situations
of different endmember numbers.
The first synthetic data are created as follows.
1) Divide the scene, whose size is z 2 × z 2 (z = 8), into
z × z regions. Initialize each region with the same type
of ground cover, randomly selected from the endmember
class. The endmember number is P . The size of spectral
signature matrix W is L × P (L = 224).
2) Generate mixed pixels through a simple (z + 1) × (z +
1) spatial low-pass filter.
3) Replace all the pixels in which the abundance of a single
endmember is larger than 70% with a mixture made up
of only two endmembers (the abundances of the two
endmembers both equal 50%) so as to further remove
pure pixels and represent the sparseness of abundances
at the same time; After these three steps, we obtain the
distribution of P endmembers in the scene, and specific
values are stored in H with a size of P ×K (K = z 2 ×z 2 ).
4) Use linear spectral mixing model Y = W × H to generate hyperspectral data, and add Gaussian white noise or
correlated noise3 with specific SNR at the same time. The
size of hyperspectral data Y is L × K.
Note that there is no pure pixel in this synthetic hyperspectral data set. We use this homogeneous data set because
there is always spatial–contextual information within the real
hyperspectral image. This situation is beneficial to the SGA
methods and SUnSAL-TV because they can exploit the spatial
information of the hyperspectral data. SOMP, SSP, and SMP
are compared with OMP, SUnSAL, CSUnSAL, SUnSAL-TV,
and CoSaMP. Moreover, we also use SMP as a dictionary

3 The Gaussian white noise is generated using the awgn function in
MATLAB. The correlated noise is generated using the correlatedGaussianNoise function that is available online: http://www.mathworks.
com/matlabcentral/fileexchange/21156-correlated-gaussian-noise/content/
correlatedGaussianNoise.m. The correlation matrix is set as default.

Fig. 2. Results on Synthetic Data 1 with white noise when the endmember
number is five: RMSE as function of SNR.

pruning algorithm to improve the performance of SUnSAL-TV
(denoted by SMP-SUnSAL-TV).
We first analyze without considering the SMP-SUnSALTV. Fig. 2 shows results obtained on Synthetic Data 1 with
white noise as a function of SNR. The endmember number
is five. We can find that SMP, SOMP, SSP, and SUnSAL-TV
behave better than OMP, CoSaMP, SUnSAL, and CSUnSAL.
This result indicates that, for this homogeneous data set, the
combination of spatial information into the sparse unmixing
algorithms can improve their performances. The CoSaMP algorithm does not behave well because the correlation of the
spectral library is very large (close to 1), which violates the
assumption of the CoSaMP algorithm that the library matrix has
a restricted isometry constant far less than 1 [47]. All the three
SGA methods have comparable performances with SUnSALTV, which gives the evidence of their potential. SMP can always
obtain the best estimation of the abundances. Moreover, during
this experiment, to pick up all the actual endmembers, SSP
and SOMP need to adopt the block-processing strategy, but
SMP does not need to. Fig. 3 shows the results obtained on
this data set with white noise as a function of endmember
number. The SNR of the noise is 30 dB. As shown, most
algorithms tend to get worse performances as the number of
endmembers gets larger. However, we can still find that the
performances of the SGA methods are comparable with that
of SUnSAL-TV, and SMP behaves best when the number of
endmembers is less than 15. In this experiment, when the
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Fig. 3. Results on Synthetic Data 1 with 30-dB white noise: RMSE as
function of endmember number.

Fig. 4. Results on Synthetic Data 1 with correlated noise when the endmember number is five: RMSE as function of SNR.

number of endmembers is larger than three, SSP and SOMP
need to adopt the block-processing strategy to avoid missing the
actual endmembers; SMP needs to adopt the strategy when the
number of endmembers is larger than seven. This observation
indicates that the prediction made by Theorem 4.2 is rather
conservative as the μ1 (7) of the spectral library that we use is
much larger than 1/2.
Figs. 4 and 5 show the results obtained on Synthetic Data
1 affected by correlated noise as functions of SNR and endmember number, respectively. As the noise in the hyperspectral
images is usually correlated, this case is closer to the practical ones. As shown in Fig. 4, SOMP gets an overall better
performance in the correlated noise case than in the white
noise one. The performances of SMP, SSP, SUnSAL, OMP, and
CoSaMP in both cases are nearly the same. However, SUnSALTV and CSUnSAL behave worse when the data are corrupted
by correlated noise. The results shown in Fig. 5 are similar with
those in white noise case.
Fig. 6 shows the number of potential endmembers retained
from the original library by the SGA methods. In all the cases,

9

Fig. 5. Results on Synthetic Data 1 with 30-dB correlated noise: RMSE as
function of endmember number.

Fig. 6. Results obtained by the three SGA methods on Synthetic Data 1 with
30-dB white noise or correlated noise: Number of retained endmembers as
function of endmember number.

the SGA methods succeed to find all the actual endmembers.
It can be observed that SMP can select the actual endmembers
more accurately than SOMP and SSP, which is also the reason
why SMP behaves better than SOMP and SSP.
Now, we turn to the SMP-SUnSAL-TV. From Figs. 2–5, we
can observe two facts: 1) When serving as a dictionary pruning
algorithm, SMP can improve the performance of SUnSAL-TV,
and 2) the SMP-SUnSAL-TV behaves better than SMP, which
suggests that the combination of SMP with the other sparse
unmixing algorithms can be better than both the two algorithms.
Fig. 7 shows the true abundance maps and the abundance maps
estimated by the different algorithms on Synthetic Data 1 with
30-dB white noise when the endmember number is five.
B. Evaluation With Synthetic Data 2
The second synthetic data set is randomly generated following a Dirichlet distribution [9], [25], [26]. However, as there
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Fig. 7. Comparison of abundance maps on Synthetic Data 1 with 30-dB white noise when the endmember number is five. From top row to bottom row are
true abundance maps, abundance maps obtained by SMP, abundance maps obtained by SOMP, abundance maps obtained by SSP, abundance maps obtained by
OMP, abundance maps obtained by CoSaMP, abundance maps obtained by SUnSAL, abundance maps obtained by CSUnSAL, abundance maps obtained by
SUnSAL-TV, and abundance maps obtained by SMP-SUnSAL-TV, respectively.
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Fig. 8. Results on Synthetic Data 2 with white noise when the endmember
number is five: RMSE as function of SNR.

Fig. 9. Results on Synthetic Data 2 with 30-dB white noise: RMSE as
function of endmember number.

exist pure pixels for each endmember in this data set, it becomes
extremely easy for SMP to pick up all the actual endmembers
in only one iteration. Thus, similar as the Synthetic Data 1, the
abundances are forced to be smaller than 0.7.
The size of this data set is 30 × 30 × 224. The BI-ICE
algorithm is included for comparison. The SUnSAL-TV algorithm is excluded as this data set does not exhibit any
spatial coherence. As the pixels in a neighborhood are hardly
correlated, it is much more difficult for the SGA methods to
unmix compared with the first data set. Similarly, we use SMP
as a dictionary pruning algorithm to improve the performances
of SUnSAL and BI-ICE (denoted by SMP-SUnSAL and SMPBI-ICE, respectively). The curves corresponding to CoSaMP
are removed to make the comparison of the other algorithms
clearer.
We first analyze without considering the SMP-SUnSAL and
SMP-BI-ICE. Figs. 8 and 9 show the results obtained on the
Synthetic Data 2 affected by white noise as functions of SNR
and endmember number, respectively. The performances of
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Fig. 10. Results on Synthetic Data 2 with correlated noise when the endmember number is five: RMSE as function of SNR.

Fig. 11. Results on Synthetic Data 2 with 30-dB correlated noise: RMSE as
function of endmember number.

Fig. 12. Results obtained by the three SGA methods on Synthetic Data 2
with 30-dB white noise or correlated noise: Number of retained endmembers
as function of endmember number.
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TABLE I
P ROBABILITIES T HAT D IFFERENT A LGORITHMS W ITH D IFFERENT B LOCK S IZES S ELECT A LL THE ACTUAL E NDMEMBERS
W HEN THE A BUNDANCE F RACTIONS OF O NE OR T WO E NDMEMBERS A RE B ELOW 0.2 OR 0.1

the SSP and SOMP on this inhomogeneous data set degrade
compared with those on the homogeneous one.Compared with
SOMP and SSP that rely on the overall contribution of the
actual endmembers to the block, SMP utilizes the low-degree
mixed pixels in the block to reconstruct the block step by step;
thus, SMP still behaves well on this inhomogeneous data set.
When the endmember number is smaller than nine, the BI-ICE
algorithm has similar performance with SMP. As the endmember number increases, SMP behaves better than BI-ICE.
Figs. 10 and 11 show the results obtained on the Synthetic
Data 2 affected by correlated noise as functions of SNR and
endmember number, respectively. Some similar observations
can be made as in Synthetic Data 1. Here, we draw attention
to the performance of the BI-ICE algorithm. It is obvious
that the BI-ICE algorithm behaves much better in the white
noise case than in the correlated noise case. This is because,
in the Bayesian model that the BI-ICE algorithm solves, the
prior assumed for the noise is a zero-mean Gaussian-distributed
random vector, with independent and identically distributed
elements. As the assumption no longer holds in the correlated
noise case, the performance of BI-ICE degrades.
Fig. 12 shows the number of potential endmembers retained
from the original library by the SGA methods. Different with
Fig. 6, when the endmember number is 15, SMP misses
one actual endmember in the correlated noise case; SOMP
misses one actual endmember in both the white noise case
and correlated noise case. Nevertheless, the results shown in
Fig. 12 correspond to the best RMSEs. If the block sizes of
SMP and SOMP are set smaller, they will select all the actual
endmembers, but the RMSEs will increase. This phenomenon
reminds us that the block sizes of the SGA methods should be
set carefully, which will be discussed later. Generally speaking,
SMP can select the actual endmembers more accurately than
SOMP and SSP.
Now, consider the SMP-SUnSAL and SMP-BI-ICE. The
block size of the SMP is set smaller to guarantee that all
the actual endmembers will be retained. From Figs. 8–11, we
can find that the performances of the SUnSAL and BI-ICE
improve when using the SMP as a dictionary pruning algorithm.
Moreover, among all the algorithms, the best results are always
obtained by SMP-SUnSAL or SMP-BI-ICE.
C. Evaluation With Synthetic Data 3
In this section, a toy synthetic hyperspectral data set is
generated to test whether the SGA methods will miss the actual
endmembers which are not very prominent in any of the blocks.

In such a circumstance, the experimental results are prone to be
affected by the noise due to the very small abundance fractions
of these endmembers. Thus, the experiment is designed as
follows. A 10 × 10 × 224 toy hyperspectral data set following
the Dirichlet distribution is generated using five randomly
selected endmembers. We choose the size 10 × 10 so that
the generated hyperspectral data can simulate a block. The
abundance fractions of one or two endmembers are forced to
be smaller than 0.2 or 0.1, and the abundance fractions of the
other four or three endmembers are scaled to satisfy the sumto-one constraint. This toy hyperspectral data set is corrupted
by 30-dB white noise. Then, the three SGA methods are tested
on this data set using different block sizes (i.e., 10, 5, and
3). The probabilities that these algorithms select all the actual
endmembers are computed after ten runs. From Table I, we
can find that it will be more difficult for the SGA methods to
select all the actual endmembers when the abundance fractions
of the endmembers that are not prominent get smaller and the
number of such endmembers becomes larger. Note that, in this
data set, the convex relaxation methods also cannot estimate
well the abundances of the endmembers that are not prominent.
However, for the SGA methods, if the block size is set smaller,
the probability of selecting all the actual endmembers will
increase. Generally speaking, SMP behaves much better than
SOMP and SSP in this experiment.
D. Evaluation With Real Data
Now, we test the validity of the sparse unmixing algorithms
on the real data. As the true abundance maps do not exist,
we resort to the classification maps of the real hyperspectral
image to make a qualitative analysis. For visual comparison, we
display the abundances estimated by the three SGA methods,
SUnSAL-TV, and SMP-SUnSAL-TV.
The data set used in this experiment is the well-known
AVIRIS Cuprite data set.4 The hyperspectral scene used in
our experiment is a 350 × 350 pixel subset with 188 spectral
bands (low-SNR bands are removed). The spectral library used
here is the USGS spectral library (contains 498 minerals) with
the corresponding bands removed. The minerals map5 which
was produced by a Tricorder 3.3 software product is shown in
Fig. 13. Note that the Tricorder map was produced in 1995,
but the publicly available AVIRIS Cuprite data were collected
in 1997. Thus, we only adopt the mineral map as a reference
4 http://aviris.jpl.nasa.gov/html/aviris.freedata.html
5 http://speclab.cr.usgs.gov/PAPERS/tetracorder/
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Fig. 13. USGS map showing the distribution of different minerals in the
Cuprite mining district in NV.

to make a qualitative analysis of the performances of different
sparse unmixing methods.
All the three SGA methods have taken the block-processing
strategy to get better performances. The block sizes used in
SOMP and SSP are both eight. The block size used in SMP
is 20. Fig. 14 shows a qualitative comparison among the fractional abundance maps of three highly materials in the considered scene estimated by SUnSAL-TV, SMP, SOMP, SSP, and
SMP-SUnSAL-TV. The distribution maps of these materials
produced by Tricorder software are also displayed. The abundance maps estimated by SUnSAL-TV displayed in Fig. 14
are from [29]. Note that the Tricorder maps and abundance
maps estimated by the sparse unmixing algorithms are indeed
different. Tricorder maps consider each pixel in the hyperspectral image pure and classify it as a member of a specific class
correlated to the representative mineral in the pixel. By contrast,
as unmixing can be regarded as a classification process at the
subpixel level, the abundances for a mixed pixel depend on the
degree of presence of the mineral in the pixel. This distinction can explain why the Tricorder maps and the abundance
maps cannot be exactly the same. However, we can observe
that the highest abundances estimated by the sparse unmixing
algorithms generally correspond with those pixels classified as
members of the respective class of materials. From a qualitative point of view, we can conclude that SMP and the other
SGA methods are all valid to unmix the real-world hyperspectral data.
E. Complexity Analysis and Discussion of Parameter Setting
We first compare the computational complexities of the
different sparse unmixing algorithms. In the following analysis,
suppose that L is the number of bands of the hyperspectral im-
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age, K is the number of pixels in the hyperspectral image, and
m is the number of spectral signatures in the spectral library.
For the whole hyperspectral data, SMP, SOMP, SSP, OMP, and
CoSaMP have complexity O(mLK); SUnSAL, CSUnSAL, and
SUnSAL-TV have complexity O(L2 K); and BI-ICE has complexity O(m3 K). As L and m are always of the same order of
magnitude, BI-ICE is more computationally complex than the
other algorithms. For example, Table II reports the processing
time (the average time after running each algorithm ten times)
measured after applying the algorithms to Synthetic Data 2 with
30-dB white noise constructed by five endmembers. A desktop
PC equipped with an Intel Core 2 Duo CPU (2.66 GHz) and
4 GB of RAM was used to implement all the algorithms on
MATLAB R2010a. The results of the SMP-SUnSAL and SMPBI-ICE are also included. It can be observed that the BI-ICE
algorithm is very time consuming, which is in accordance with
our complexity analysis. This is also the reason why we do not
include BI-ICE in the first synthetic experiment. Moreover, we
can find that, taking SMP as a dictionary pruning algorithm, the
speeds of SUnSAL and BI-ICE increase dramatically.
Another critical issue concerned with the proposed algorithm
is the parameter setting. Two parameters, namely, the block size
and the threshold t, are important to the SMP algorithm. As
mentioned earlier, when the number of endmembers present in
the hyperspectral image is large, the SGA methods could miss
the actual endmembers. In this paper, we propose to adopt the
block-processing strategy with proper block size to sidestep this
obstacle. Thus, two questions are to be solved: When is the
block-processing strategy necessary, and how is the block size
properly set? For the first two synthetic data experiments, we
have tested the block size from three to the image size with the
step size of two. We find that, when the number of endmembers
present in the block or hyperspectral data is no more than five,
SMP can find the actual endmembers very efficiently. Thus, the
block-processing strategy is necessary when the endmember
number is larger than five. However, when some endmembers
are not prominent in all the pixels of a hyperspectral image,
a block-processing strategy will make these endmembers more
likely to be selected, which we can infer from the third synthetic
experiment. Then, a natural answer to the second question is
that the block size should be chosen to make the number of
endmembers in each block no more than five. As we only
need to select all the actual endmembers from all the blocks
rather than to find the actual endmembers present in each
block exactly, the choosing of block size can be relaxed to
make the average number of endmembers in each block no
more than five. Moreover, given a hyperspectral image, smaller
block size leads to larger block number, which also helps in
preventing SMP from missing the actual endmembers that are
not prominent in any of the pixels. Furthermore, we can also
use overlapping blocks to increase the number of blocks when
the block size is fixed. In this way, the probability that SMP
misses the endmembers that are not prominent in any of the
blocks will decrease further, but the number of endmembers
selected by SMP that are not present in the scene will also
increase. Several algorithms have been proposed to estimate the
number of endmembers in the hyperspectral image efficiently
[54], [55]. In this paper, we use the virtual dimensionality [54]
to estimate the number of endmembers in each block in the
real data experiment. As the block size decreases, the average
number of endmembers in each block will decrease. For the
real data used in our experiment, when the block size is 20, the
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Fig. 14. Fractional abundance maps estimated by SMP, SUnSAL-TV, SOMP, SSP, and SMP-SUnSAL-TV and the distribution maps produced by Tricorder
software for the 350 × 350 pixel subset of AVIRIS Cuprite scene. From top row to bottom row are the maps produced or estimated by Tricorder software, SMP,
SUnSAL-TV, SOMP, SSP, and SMP-SUnSAL-TV, respectively. From left column to right column are the maps corresponding to Alunite, Buddingtonite, and
Chalcedony, respectively.

average number of endmembers in all the blocks is 4.5. Thus,
the block size that we set for SMP in this experiment is 20.
The threshold t in the SMP algorithm is also an important
parameter. Smaller t indicates that the algorithm will converge
faster and more potential members will be selected in the
first few iterations. However, in this situation, some spectral
signatures that are not present in the scene could be selected,

which would have a negative impact on the results. Thus, t
should not be set too small. Theorem 4.2 also suggests that SMP
favors large t. Indeed, after testing the performance of SMP
using different values of t in different situations, we find that,
when t is close to 1, SMP behaves well and is insensitive to this
parameter. In all the experiments of this paper, t is set fixed to be
0.96, which is enough for SMP to estimate the abundances well.
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TABLE II
P ROCESSING T IMES M EASURED A FTER A PPLYING THE A LGORITHMS TO Synthetic Data 2
W ITH 30-dB W HITE N OISE C ONSTRUCTED BY F IVE E NDMEMBERS

Certainly, fine-tuning t according to each data set will make
SMP behave better.
The block size for SOMP and SSP is much more difficult
to set compared with that of SMP. On the one hand, the performances of both SOMP and SSP differ a lot in different data
sets. On the other hand, when there exist some endmembers in
the hyperspectral image that are not prominent in every pixel,
SOMP and SSP are more likely to miss them than SMP, which
can be inferred from the third synthetic experiment. However,
as the real hyperspectral image is always homogeneous, we set
the block size for SOMP and SSP in the real data experiment
by referring to the results of the first synthetic experiment.
As mentioned in Section V-A, SOMP and SSP need to adopt
the block-processing strategy when the endmember number
is larger than three. Thus, following the procedure that we
set the block size for SMP and considering that the block
size for SOMP and SSP should be set smaller to avoid missing the endmembers that are not very prominent in every
pixel, finally, the block size that we set for SOMP and SSP
is eight.
VI. C ONCLUSION

Lemma A.2: The matrices A and B and scalar p > 0 satisfy
ABp,∞ ≤ A∞,∞ Bp,∞ .

(27)

Proof: We prove in a similar way as [44]. According to
the definition of the matrix norm and Lemma A.1, we have
ABx∞
xp

ABp,∞ = max
x=0

(28)

≤ max A∞,∞

Bx∞
xp

(29)

= A∞,∞ max

Bx∞
xp

(30)

x=0

x=0

= A∞,∞ Bp,∞ .

(31)

Thus, the lemma is proved.

Lemma A.3: Given an invertible matrix A and an arbitrary
matrix B, the following inequality holds for any scalar p > 0
−1

ABp,∞ ≥ A−1 ∞,∞ Bp,∞ .

(32)

Proof: If B = 0, the inequality holds, or we have

In this paper, we present a new GA termed SMP for sparse
unmixing of hyperspectral data. Compared with the existing
SGA methods, SMP can make use of the low-degree mixed
pixels in the hyperspectral image as well as the spatial information. As a GA, SMP also has advantages such as the low
computational complexity of solving the optimization problems
containing nonsmooth terms and that it can get an approximate
solution for the l0 problem directly. Furthermore, the proposed
algorithm can serve as a dictionary pruning algorithm to boost
any other sparse unmixing algorithms, making them more
accurate and time efficient. It is proved that, under certain
conditions, SMP can recover the optimal endmembers from the
spectral library. Experiments on the synthetic data and the real
data indicate the potential of using SGA methods for sparse
unmixing of hyperspectral data. They also demonstrate the
effectiveness of the proposed algorithm.
A PPENDIX A
P ROOF OF T HEOREM 4.1
First, we provide some lemmas.
Lemma A.1: For any matrix A, we have

ABp,∞
B=0 Bp,∞

min

−1

= max
B=0

Bp,∞
.
ABp,∞

(33)

Set C = AB. Thus
max
B=0

Bp,∞
A−1 Cp,∞
= max
≤ A−1 ∞,∞ .
C=0
ABp,∞
Cp,∞

(34)

The second inequality can be derived by using Lemma A.2.
Combine (33) and (34)
ABp,∞
B=0 Bp,∞

min

−1

≤ A−1 ∞,∞ .

(35)

Finally, some algebraic manipulations yield (32).

Lemma A.4: Given an input hyperspectral data matrix Y,
each column of which has l2 -norm unit length, then during
the iteration of the SMP algorithm, the l2 -norm length of each
column of the residual matrix R will be no more than 1.
Proof: Let y ∈ RL be an arbitrary column of Y. Vectors
r and yrec are the corresponding columns of R and Yrec
after some iterations, respectively. Then, we have the following
equality:

1) Axq ≤ Ap,q xp

(25)

y = r + yrec .

2) AT ∞,∞ = A1,1 .

(26)

Note that yrec is the orthogonal projection of y onto the
subspace spanned by the members that have been selected

−1 T
yrec = AS ATS AS
AS y
(37)

Then, we can derive the following property of the (p, ∞) matrix
norm.

(36)
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where S is the support of indices of the selected potential
endmembers at the current iteration. Then, the residual can be
obtained as
r = y − yrec


−1 T 
= I − AS ATS AS
AS y.

(38)
(39)

Thus, r is orthogonal to yrec . Therefore, the following equality
holds:
y22 = r + yrec 22
= r22 +

(40)

yrec 22 .

(41)

As y has unit length, the lemma can be easily obtained.

Proof of Theorem 4.1: The proof is inspired by Chen and
Huo [44]. According to Algorithm 3, a sufficient condition for
SMP to pick the spectral signatures only from Sopt at each
iteration is that

ATopt R 1,∞ > ATerr R 1,∞
.
(42)
ATerr R 1,∞ ≤ t

Definition B.1: Given a hyperspectral data matrix Y ∈
RL×K , a spectral library matrix A ∈ RL×m ,
Yopt is an optimal P -term approximation of Y, and it lies in
the column range of Aopt , Yopt ∈ RL×K .
Xopt is the optimal abundance matrix corresponding to Yopt ,
Xopt ∈ Rm×K , Yopt = AXopt , and Xopt row−0 = P ;
Sk
is a subset of Sopt , and it lists the first k endmembers
that SMP selects from Sopt after some iterations;
 opt is a submatrix of Aopt , and it contains the k endmemA
 opt ∈ RL×k ;
bers that are indexed by Sk , A

Aopt is a submatrix of Aopt , and it contains the (P − k)
 opt ∈
endmembers that are indexed by Sopt \ Sk , A
L×(P −k)
;
R
 opt is a submatrix of Xopt , and it contains the rows listed in
X
 opt ∈ Rk×K ;
Sk , X
 opt is a submatrix of Xopt , and it contains the rows listed in
X
 opt ∈ R(P −k)×K .
Sopt \ Sk , X
Lemma B.1: Suppose that, after some iterations, SMP has
picked k optimal endmembers listed in Sopt , μ1 (P ) < (t/(1 +
t)), and M (k) < (t/(1 + t)); then, the following bounds are in
force:

From Lemma A.4, we can get that ATopt R1,∞ ≤ 1. Then, a
sufficient condition to obtain (42) is that
ATerr R

1,∞

< t ATopt R

1,∞

.

(43)

We now produce an upper bound for (ATerr R1,∞ /
ATopt R1,∞ ).
−1

T

Since (A†opt ) ATopt = Aopt (ATopt Aopt ) ATopt is a projection matrix to the subspace spanned by the columns of Aopt
and R is in the subspace spanned by the columns of Aopt , we
have
T

(44)
R = A†opt ATopt R.
Using the equality above, we have

T
ATerr A†opt ATopt R1,∞
ATerr R 1,∞
=
ATopt R1,∞
ATopt R 1,∞

T
≤ ATerr A†opt
= A†opt Aerr
j ∈Sopt

1

.

 opt 
≤ M (k)X
1,∞

ATopt R

1,∞

 opt 
≥ (1 − M (k)) X
1,∞ (50)

(49)

Since (Y − Yopt ) is orthogonal to the range of Aopt , we have
ATopt R = ATopt (Y − Yopt ) + ATopt (Yopt − Yrec ) (52)
= ATopt (Yopt − Yrec ).

(53)

Then, rewrite the matrix (Yopt − Yrec ) in the following
manner:
Yopt − Yrec = Yopt − Pk Yopt
= (I − Pk )Yopt
= (I − Pk )Aopt Xopt
 opt X
 opt .
= (I − Pk )A

(45)
(46)
(47)

1,1

1,∞

where M (k) = M (k; P ) = (μ1 (P − k)/(1 − μ1 (k))).
Proof: The proof is inspired by Tropp et al. [43]; however,
there are some notable differences. Let Pk be the orthogonal
 opt
projector onto the range of A

−1
 opt A

T .
T A
Pk = A
(51)
A
opt opt
opt

∞,∞

= max A†opt Aj

ATerr (Yopt − Yrec )

(48)

In the above deduction, we use Lemma A.2 and Lemma A.1,
respectively. Thus, if (22) is satisfied, SMP will recover all the
endmembers listed in the support Sopt .

A PPENDIX B
P ROOF OF T HEOREM 4.2
First of all, we should introduce some other definitions that
will be used during the proof to make it clearer.

(54)
(55)
(56)
(57)

The last equality holds because (I − Pk ) is orthogonal to
 opt . We first build an upper bound for
the range of A
ATerr (Yopt − Yrec )1,∞ . Apply the triangle inequality and
Lemma A.2
ATerr (Yopt − Yrec )

(58)

1,∞

 opt X
 opt 1,∞
= ATerr (I − Pk )A
 opt X
 opt
 opt X
 opt
+ ATerr Pk A
≤ ATerr A
1,∞

≤

 opt
ATerr A

∞,∞

 opt
+ ATerr Pk A

∞,∞

(59)
1,∞

(60)

 opt  .
X
1,∞
(61)
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Then, we find an upper bound for the bracketed term above.
This process takes five steps.
 opt ) lists the inner
1) Since each row of the matrix (ATerr A
products between a spectral signature and (P − k) dis opt 
tinct signatures, we have ATerr A
∞,∞ ≤ μ1 (P − k).
2) Use the fact that  · ∞,∞ is submultiplicative and the
definition of Pk to see that
 opt
ATerr Pk A
≤

∞,∞

 opt
ATerr A

∞,∞



T A

A
opt opt

−1
∞,∞

T A

A
opt opt

∞,∞

.

(62)
3) Using the same deduction as in Step 1), we can get
T 
 opt 
that ATerr A
∞,∞ ≤ μ1 (k) and Aopt Aopt ∞,∞ ≤
μ1 (P − k).
4) Since each column of A has l2 -norm unit length, the
T A

Gram matrix (A
opt opt ) has a unit diagonal. Hence, we
can write
T A

A
opt opt = I − C

(63)

where C∞,∞ ≤ μ1 (k). Then, we expand the inverse
in a Neumann series to obtain an upper bound for
−1
T A

(A
opt opt ) ∞,∞

−1
T A

A
= (I − C)−1 ∞,∞
(64)
opt opt
∞,∞

1
1 − C∞,∞
1
≤
.
1 − μ1 (k)
≤

(65)
(66)

17

Recall the definition of D, and use the triangle inequality to get
T A

I − D∞,∞ ≤ I − A
opt opt

∞,∞

 T Pk A
 opt ∞,∞
+ A
opt
μ1 (P − k)μ1 (k)
≤ μ1 (P − k) +
1 − μ1 (k)
μ1 (P − k)
=
.
1 − μ1 (k)

(74)
(75)
(76)

The second inequality can be derived analogous with
Steps 1)–5). Introduce (76) and the definition of D into (73)
to conclude
 T (I − Pk )A
 opt X
 opt
A
opt
≥

1−

μ1 (P − k)
1 − μ1 (k)

1,∞

 opt 
X
1,∞

(77)

 opt  .
= (1 − M (k)) X
1,∞

(78)

Thus, the lemma has been proved.

Proof of Theorem 4.2: A sufficient condition for SMP to
select only optimal endmembers from Sopt is that
ATerr R

1,∞

< t ATopt R

(79)

1,∞

We can build an upper bound for ATerr R1,∞ using
Lemma B.1
ATerr R

(80)

1,∞
≤ ATerr (Y − Yopt ) 1,∞
+ ATerr (Yopt − Yrec ) 1,∞
≤ ATerr (Y − Yopt ) 1,∞

+

5) Introduce the bounds from Steps 1) to 4) into (61). We
can get that

M (k)
ATopt R
1 − M (k)

1,∞

(81)

.

(82)

Thus, if the following inequality holds, (79) can be satisfied
ATerr (Yopt − Yrec ) 1,∞


μ1 (k)μ1 (P − k) 
≤ μ1 (P − k) +
Xopt 1,∞
1 − μ1 (k)
μ1 (P − k) 
=
Xopt 1,∞
1 − μ1 (k)
 opt  .
= M (k)X
1,∞

(67)
(68)
(69)
(70)

Now we turn to produce a lower bound for ATopt R1,∞ .
Invoke (53) and (57) to get
ATopt R

1,∞

 T (I − Pk )A
 opt X
 opt
= A
opt

1,∞

.

(71)

 opt . Using Lemma A.3,
 T (I − Pk )A
For simplicity, let D = A
opt
we can get
−1 −1

 opt 
DX
1,∞ ≥ D ∞,∞ Xopt 1,∞ .

(72)

Write D = I − (I − D), and expand its inverse in the Neumann series to get

 opt 
DX
1,∞ ≥ (1 − I − D∞,∞ ) Xopt 1,∞ .

(73)

ATerr (Y − Yopt )

1,∞

+

M (k)
ATopt R
1 − M (k)

tATopt R1,∞ .

1,∞

< (83)
(84)

Rearrange this relation to obtain (23).
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